Abstract. In this paper we determine the number of isomorphism classes of superspecial abelian varieties A over the prime field Fp such that the relative Frobenius morphism π A satisfying π 2 A = −p.
Introduction
Let p be a rational prime number and g ≥ 1 be a positive integer. An abelian variety over a field k of characteristic p is said to be superspecial if it is isomorphic to a product of supersingular elliptic curves over an algebraic closurek of k. Let E 0 be a supersingular elliptic curve over F p such that π 2 E0 = −p, where π E0 is the relative Frobenius endomorphism of E 0 . Such an elliptic curve exists (see Deuring [3] or use the Honda-Tate theory [17, Theorem 1, p. 96]) and the condition π 2 E0 = −p is automatic if p > 3; the latter follows from the Hasse-Weil bound for eigenvalues of the Frobenius. Let S be the set of isomorphism classes of g-dimensional superspecial abelian varieties A over F p such that there is an isogeny from E g 0 to A over F p . Using a theorem of Tate [18, Theorem 1 (c), p. 139], the condition for A isogenous to E g 0 over F p is equivalent to that the relative Frobenius morphism π A of A over F p satisfies π 2 A = −p (also see Lemma 2.2) . In this paper we calculate the number of these superspecial abelian varieties. It remains to discuss some background on the topic. First of all, it is well-known (due to Deuring [3] ) that every supersingular elliptic curve over an algebraically closed field of characteristic p has a model defined over F p 2 . Also, if we let B p,∞ denote the quaternion algebra over Q ramified exactly at p and ∞, then the set of isomorphism classes of supersingular elliptic curves over F p is in one-to-one correspondence with the set of ideal classes of a maximal order of the quaternion algebra B p,∞ . The same picture can be generalized to higher dimensions: (a) there is only one isomorphism classes of superspecial abelian varieties of dimension > 1 over F p (this is due to Deligne, Ogus and Shioda), and (b) the set Λ g of isomorphism classes of superspecial principally polarized abelian varieties over F p has the similar description as a double coset space for an algebraic group G associated to certain quaternion hermitian form (see Ibukiyama-Katsura-Oort [11, Theorem 2.10] ). The class number |Λ g | is calculated by Deuring [3, 4] and Eichler [5] for g = 1 and by Hashimoto and Ibukiyama [9] for g = 2. It is believed after [9] that calculating the class number |Λ g | for higher genus g is an extremely difficult task. However, exploring some structures and relationships among them arising from Λ g is still interesting.
The well-known Deuring-Eichler mass formula suggests that instead of calculating the class number |Λ g | itself, the weighted version, Mass(Λ g ), in which one associates each object (A, λ) to the weight # Aut(A, λ) −1 and sums over the objects in Λ g , should be more accessible (see [25, Introduction] In the function field analogue where superspecial abelian varieties are replaced by supersingular Drinfeld modules, the mass formula is obtained by J. Yu and the author [20, Theorem 2.1, p. 906] (for any rank and function fields), based on some earlier works of Gekeler [7, 8] .
Another viewpoint to depart concerning counting superspecial points (still over F p ) is that the superspecial locus itself is an ℓ-adic Hecke orbit, where ℓ is a prime = p, in the fine moduli space (see Chai [1] for the definition and results about ℓ-adic Hecke orbits). It turns out that the similar formalism allows one to calculate the cardinality of each supersingular Hecke orbit, provided one knows the underlying p-divisible group structure explicitly. The case of genus g = 2 is analyzed in J.-D. Yu and the author [24, Theorem 1.1] using the Moret-Bailly family [14] . Theorem 1.1 is not a weighted version. It sits between the trivial case (a) and the extremely difficult case (b) above. It is worth noting that the set S is not always a single ℓ-adic Hecke orbit over F p (here two abelian varieties over F p lie in the same ℓ-adic Hecke orbit over F p if there is an ℓ-quasi-isogeny from one to another over F p ), rather it consists of g + 1 Hecke orbits in some cases (see Proposition 5.3). A crucial ingredient which makes our situation simpler is that the strong approximation holds for the algebraic group R E/Q SL n,E (see Lemma 5.1) , where E is a number field and n > 1. Note that we impose a condition on S which also makes the computation simpler. As any superspecial abelian variety A is isogenous (even isomorphic) to E g 0 over F p , this condition is un-seen the geometric setting. Suppose that one does not impose this isogenous condition, and let S ′ be the set of isomorphism classes of g-dimensional superspecial abelian varieties over F p . In the case g = 1 Theorem 1.1 gives the size of S ′ for p > 3, as there is only one isogeny class in S ′ . It is not hard to treat the cases p = 2 and 3 separately, and we get
For the genus g > 1, the set S ′ is classified by the cohomology
, due to the fact (a). This is a single example of k-forms of quasi-projective algebraic varieties over a perfect field k, and this problem may not be very interesting, unless one finds some structure on (1.3) which allows us to compute it more effectively.
The proof of Theorem 1.1 uses the classification of modules over certain nonmaximal order R of a number field E. The classification is of interest on its own right; on the other hand, that is also useful to determine isomorphism classes in other isogeny classes over F p (see Theorem 4.1).
Another closely related problem studied is about the field of definition of isomorphism classes over F p . Deuring showed that the number h ′ of isomorphism classes of supersingular elliptic curves over F p which have a model over F p is as follows (see Deuring [4] , also c.f. Ibukiyama-Katsura [10, Remark 3, p. 42]) For simplicity, one has for p > 3,
The relationship between (1.1) and (1.4) for g = 1 is that each isomorphism class over F p which has a model over F p has exactly two isomorphism classes over F p .
Deuring [4] also showed the following equality
where t is the type number of the quaternion algebra B p,∞ and h is the class number of B p,∞ . Ibukiyama and Katsura further generalized the result of Deuring to higher genus g. They showed that the same relation (1.5) holds for the number H ′ of the objects in Λ g which have a model over F p , the type number T of the quaternion unitary algebraic group G in question, and the class number H of the group G; see [10, Theorems 1 and 2]. However, as mentioned before, this is a relationship we could have, and no explicit formula for each term is given when g > 2.
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Preliminaries
Let the set S and the elliptic curve E 0 be as in § 1. Let G be the Galois group Gal(F p /F p ). We define a set Φ v for each prime v of Q. If ℓ is a prime = p, let Φ ℓ be the set of isomorphism classes of Tate modules T ℓ (A) as Z ℓ [G]-modules for all A ∈ S. Let Φ p be the set of isomorphism classes of Dieudonné modules M (A) for all A ∈ S. In this paper we use covariant Dieudonné modules. We refer the reader to Demazure [2] and Manin [13] for a basic account of Dieudonné theory.
Let M be a Dieudonné module over a perfect field k of characteristic p. We recall that the a-number of M , denoted by a(M ), is the dimension of the k-vector space M/(F, V )M . The a-number of an abelian variety over k, denoted by a(A), is defined to be the a-number a(M (A)) of the Dieudonné module M (A) associated to A. Theorem 2.1. Let A be an abelian variety of dimension g over an algebraically closed field of characteristic p. If a(A) = g, then A is superspecial.
Proof. This is Theorem 2 of Oort [15] . 
This shows the first statement.
For the second statement, we use Theorem 2.1. Since F 2 = −p on M (A), we get V M (A) = F M (A) and hence a(A) = g. This proves the lemma
Let A be an object in S. Let σ p ∈ G be the arithmetic Frobenius automorphism x → x p . We have σ p x = π A x for all x ∈ T ℓ (A), where ℓ is any prime = p.
. Therefore, we may classify Tate modules T ℓ (A) as R ℓ -modules. On the other hand the Tate space V ℓ (A) is a free E ℓ -module of rank g; this follows from the fact that tr(a; V ℓ (A)) = g tr(a; E ℓ ) for all a ∈ R. From this, if R ℓ is the maximal order of E ℓ , then T ℓ (A) is a free R ℓ -module of rank g. In this case the set Φ ℓ consists of single element.
In the case v = p, the Dieudonné module M (A) is a free Z p -module of rank 2g, together with a Z p -linear operator F satisfying F 2 + p, and hence M (A) is simply a Z p -free finite R p -module. Since R p ⊗ Q p = Q p ( √ −p) = E p is a field and R p is always the maximal order of E p , the Dieudonné module M (A) is R p -free of rank g. This shows that the set Φ p also consists of single element.
As an elementary result, the ring R v is not the maximal order if and only if v = 2 and p ≡ 3 ( mod 4). We conclude Lemma 2.3. The set Φ v consists of single element except when v = 2 and p ≡ 3 ( mod 4).
Classification of Φ 2
In this section we assume that p ≡ 3 ( mod 4). To simplify the notation, we write
and O E for the ring of integers of E.
Put ω := π − 1, and one has
We shall classify R-modules M which is finite and free as Z 2 -modules. We divide the classification into two cases:
Case (a): p ≡ 3 ( mod 8). In this case, E is a unramified quadratic extension of Q 2 . We have (at least) two indecomposable Z 2 -free finite R-modules: R and O E as R-modules. The R-module structure of O E is given as follows:
, then the non-negative integers r and s are uniquely determined by M . Indeed, we have r+s
where α 1 , α 2 ∈ Z 2 . By switching the order, we may assume that α 1 is a unit and α 2 ∈ 2Z 2 . We have the isomorphisms
Therefore,
We have (at least) three indecomposable Z 2 -free finite R-modules:
R, R/(ω − 2α 1 ), and R/(ω − 2α 2 ).
Among them, we have
t , then the non-negative integers r, s and t are uniquely determined by M . Indeed, we have
Conversely, we show that the indecomposable finite R-modules described in Cases (a) and (b) exhaust all possibilities.
Theorem 3.1. Let M be a Z 2 -free finite R-module. Then
(1) Case (a). The R-module M is isomorphic to R r ⊗O s E for some non-negative integers r and s. Moreover, the integers r and s are uniquely determined by M . 
for some non-negative integers r, s and t. Moreover, the integers r, s and t are uniquely determined by M .
Proof. The unique determination of integers r, s and t has been showed. We prove the first part of each statement.
(1) Let
and R is a local Noetherian domain, the module M is free. Now suppose s > 0. Choose an elementā = 0 ∈ (F 2 ) 2s and let x ∈ M be an element such thatx =ā. As ωx = 0, the element ωx/2 ∈ M . Put M 1 :=< x, ωx/2 > Z2 ; it is an R-module and is isomorphic to O E . Let ω ′ be the conjugate of ω, one has ω ′ = −2 − ω and ωω ′ = (1 + p). Note that (1 + p)/4 is a unit. Sincex ∈ ω ′ M , one has x ∈ ω ′ M . We show that ωx/2 = 0. Suppose not, then ωx = 4y for some y ∈ M . Applying ω ′ , we get x = ω ′ y ′ for some y ′ ∈ M , contradiction. Since x and ωx/2 are Z 2 -linearly independent, the F 2 -vector space M 2 =<x, ωx/2 > has dimension 2, and hence the quotient M /M 1 has dimension deceased by 2. On the other hand, the Z 2 -rank of M/M 1 also decreases by 2. This shows that M/M 1 is free as Z 2 -modules. If the integer s in (3.2) for M/M 1 is positive, then we can find an R-submodule M 2 =< x 2 , ωx 2 /2 > Z2 ≃ O E not contained in the vector space EM 1 such that M/(M 1 + M 2 ) is free as Z 2 -modules. Continuing this process, we get R-submodules M 1 , . . . , M s ′ , which are isomorphic to O E , such that
Since s ′ and r ′ are uniquely determined by M as before, the integers s ′ and r ′ are actually equal to s and r in (3.2), respectively. This proves (1).
(2) Let M 1 := {x ∈ M | (ω − 2α 1 )x = 0 }, and
one shows that 2M ⊂ M 1 +M 2 , and hence the quotient M/(M 1 +M 2 ) is an F 2 -vector space, say of dimension r. Let x 1 , . . . , x r be elements of M such that the images x 1 , . . . ,x r form an F 2 -basis for M/(M 1 + M 2 ). Put F 0 :=< x 1 , . . . , x r > R , which is isomorphic to R r , asx
. Now (ω−2α 2 )F 0 ⊂ M 1 , we choose elements y 1 , . . . , y s in M 1 so that the imagesȳ 1 , . . . ,ȳ s form an R/(ω − 2α 1 )-basis for M 1 /(ω − 2α 2 )F 0 , and put F 1 =< y 1 , . . . , y s > R . We have M 1 = (ω − 2α 2 )F 0 ⊕ F 1 , and F 0 ∩ F 1 = 0. Similarly, we have a free R/(ω − 2α 2 )-submodule F 2 of M 2 , of rank t, such that
This proves (2).
We retain the notation as in § 1 and 2.
Corollary 3.2. Assume p ≡ 3 ( mod 4), then the Tate module T 2 (A) of an object A in S is isomorphic to R r 2 ⊕ O s E2 for some non-negative integers r and s such that r + s = g. Moreover, the integers r and s are uniquely determined by T 2 (A).
Proof. Since the Tate space V 2 (A) is a free Q 2 [α]-module, the numbers s and t in Theorem 3.1 (2) above are the same. Therefore, the corollary follows. Proof. Choose a supersingular elliptic curve E 0 over F p such that the endomorphism ring End Fp (E 0 ) is equal to O E , and a supersingular elliptic curve E 1 over F p such that the endomorphism ring End Fp (E 0 ) is equal to R (see Waterhouse [19, 
Abelian varieties over F p
For our purpose we need to describe abelian varieties up to isomorphism over F p . The Honda-Tate theory [18, 17] has described isogeny classes of abelian varieties over finite fields. Therefore, we may focus on isomorphism classes in one single isogeny class over F p . We describe this in terms of modules so that we can count them explicitly. In this section the ground field considered is F p .
Let A 0 be a fixed abelian variety, and denote by Isog(A 0 ) the set of isomorphism classes in the isogeny class of A 0 . Recall that an quasi-isogeny ϕ : A → A 0 is an element ϕ ∈ Hom(A, A 0 ) ⊗ Q such that nϕ is an isogeny for some integer n. We identify two quasi-isogenies ϕ i : A i → A 0 , i = 1, 2 as the same element if there is an (necessarily unique) isomorphism ρ : A 1 → A 2 such that ϕ 2 • ρ = ϕ 1 . Therefore, it makes sense to talk about the set of quasi-isogenies to A 0 , which we denote Q-isog(A 0 ). The set Q-isog(A 0 ) can be parametrized by pairs (H, n) where H is a subgroup scheme of the dual abelian variety A t 0 and n is a positive integer. The quasi-isogeny represented by the pair (H, n) is "(1/n)π t ", where π :
be the minimal polynomial of the relative Frobenius endomorphism π 0 ∈ End(A 0 ). Put S = Z[π 0 ] = Z[X]/(P (X)) and F := S ⊗ Z Q; it is a finite-dimensional commutative semi-simple algebra over Q. Theorem 4.1. There is a finite F -module V , unique up to isomorphism, such that V ⊗ Q ℓ ≃ V ℓ (A 0 ) as F ℓ -modules for all primes ℓ = p, and V ⊗ Q p ≃ M (A 0 ) ⊗ Zp Q p as F p -modules, where M (A 0 ) is the Dieudonné module of A 0 . Moreover, there is a one-to-one correspondence between the set of quasi-isogenies ϕ : A → A 0 and the set of S-lattices in V . In this correspondence, isomorphism classes in the isogeny class of A 0 are in bijection with isomorphism classes in the S-lattices in V . 
The integer m i is independent of ℓ and p. Put V := ⊕F mi i as a finite F -module, and then V has the desired property.
For any abelian variety A, we write
is an S ⊗Ẑ-lattice and there is an S-lattice M in the vector space V such that M ⊗ Z ⊗Ẑ is equal to T (A 0 ) under the fixed rational isomorphism.
Two quasi-isogenies ϕ 1 , ϕ 2 induce the same lattice L if and only if they are the same. Conversely, given an S ⊗Ẑ-lattice L in V ⊗ A f , then by a theorem of Tate, there is an abelian variety A together with a quasi-isogeny ϕ : A → A 0 such that the image ϕ * (T (A)) is equal to L under the isomorphism ( * ). Since there is a national one-to-one correspondence between the set of S-lattices in V and the set of S ⊗Ẑ-lattices in V ⊗ A f . We proved the second statement. The last statement follows from the basic fact: if a quasi-isogeny ϕ : A 1 → A 2 induces an isomorphism T (A 1 ) ≃ T (A 2 ), then ϕ : A 1 → A 2 is an isomorphism. This proves the theorem.
It should be clear that the proof of Theorem 4.1 is straightforward. However, it seems that this simple result has not yet been used to classify abelian varieties up to isomorphism (over F p ).
5.
Proof of Theorem 1.1 5.1. Proof of Theorem 1.1. We keep the notation as in § 1 and 2. Since every abelian variety over F p isogenous to E g 0 is superspecial (Lemma 2.2), the set S classifies isomorphism classes of abelian varieties A over F p in the isogeny class of the abelian varieties E g 0 . By Theorem 4.1, the set S is in bijection with the set of isomorphism classes of R-lattices in the vector space V = E g . Recall that a genus of R-lattices in V is a maximal set of R-lattices in which any two R-lattices are mutually isomorphic locally everywhere.
Lemma 5.1. Let n ≥ 1 be an integer, and K be an open compact subgroup of GL n (A E,f ), where A E,f is the finite adele ring of the field E = Q( √ −p). Then the determinant map det induces an bijection of double coset spaces
We may assume that n ≥ 2. Clearly that the induced map is surjective. We show the injectivity. Let [a] be an element in the target space. Fix a section s :
where
Since the group SL n is simply connected and SL n (E ⊗ R) is not compact, the strong approximation holds for the algebraic group R E/Q SL n,E . Therefore, T [a] consists of single elements and one proves the lemma.
Case (i): p = 2 or p ≡ 1 ( mod 4). In this case, the ring R is the maximal order in E. Since any R v -lattice in V v for a finite place v of Q is free, there is only one genus of R-lattices in V . The set of equivalence classes in this genus is expressed as the double coset space GL g (E)\ GL g (A E,f )/ GL g (Ô E ). By Lemma 5.1, this double coset space is isomorphic to
and hence has the cardinality h( √ −p).
Case (ii): p ≡ 3 ( mod 4). In this case, the ring R has index 2 in the maximal order O E . At the place where v = 2, the ring R v is the maximal order, and hence any two R v -lattice in V v are isomorphic. At the place where v = 2, by Corollary 3.2 there are g + 1 isomorphism classes of R 2 -lattices in V 2 , namely R for r = 0, . . . , g. Let K r be the open compact subgroup of GL g (A E,f ) which stabilizes the R ⊗Ẑ-lattice L r ⊗Ẑ. Then by Lemma 5.1, we have
It is easy to see that
Therefore, h r = h( √ −p) for r = 0, . . . , g − 1.
In the case r = g, we have an exact sequence of finite abelian groups:
× , and hence
× , which is 1 or (F 4 ) × depending on whether 2 splits in E (the case where p ≡ 7 ( mod 8)) or is inert in E (the case where p ≡ 3 ( mod 8)). On the other hand, the image of the map
× is 1 except when p = 3. In the case where g = 3 this map is surjective. It then follows that
We conclude
Combining Cases (i) and (ii), Theorem 1.1 is proved.
5.2.
As a final remark, we discuss a bit about Hecke orbits in our case. An important reference is Chai [1] , where both ℓ-adic and prime-to-p Hecke orbits in Siegel modular varieties are defined and explored .
Definition 5.2. Let k 0 be a field, and let S be a set of abelian varieties over k 0 . Let A 0 be an abelian variety in the set S, and ℓ be a rational prime, not necessarily different from the characteristic of k 0 . For a field extension k of k 0 , we define the ℓ-adic Hecke orbit of A 0 over k in S as the subset of S consisting of all abelian varieties A in S such that there is an ℓ-quasi-isogeny from A to A 0 over k. An ℓ-quasi-isogeny ϕ : A 1 → A 2 of two abelian varieties is a quasi-isogeny such that there is an integer m ∈ N such that ℓ m ϕ is an isogeny of ℓ-power degree.
We retain the notation as in § 1 and 2. We have S = Isog(E for r = 0, . . . , g. We further assume that ℓ = 2. Then any two R ℓ -lattices in V ℓ are isomorphic, and we have 
